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Heavily electron-doped and single-layer FeSe superconduct at much higher temperatures than bulk FeSe.
There have been a number of proposals attempting to explain the origin of the enhanced transition temperature,
including the proximity to magnetic, nematic and antiferro-orbital critical points, as well as possible strong in-
terfacial phonon coupling in the case of single-layer FeSe. In this paper, we examine the effect of the various
mechanisms in an effective two-band model. Within our model, the fluctuations associated with these instabili-
ties contribute to different parts of the effective multiband interactions. We propose to use the collective phase
fluctuation between the bands–the Leggett mode–as a tool to identify the dominant effective pairing interaction
in these systems. The Leggett mode can be resolved by means of optical probes such as electronic Raman
scattering. We point out that the Leggett mode in these systems, if present, shall manifest in the Raman B1g
channel.
I. INTRODUCTION
Since its inception in 20081, the unconventional supercon-
ductivity in iron-based superconductors (FeSCs) has gener-
ated considerable interest. Besides superconductivity, the
FeSCs exhibit a rich variety of electronic orders2–4. Supercon-
ductivity in most FeSC families typically occurs in the vicinity
of a stripe magnetic phase. The magnetic order usually fol-
lows a nematic transition at a slightly higher temperature5–7.
The nematic order parameter spontaneously breaks the four-
fold rotational symmetry but preserves the translation symme-
try of the underlying lattice.
Despite enormous experimental and theoretical progresses,
a unified understanding is still lacking regarding the supercon-
ducting mechanism in FeSCs8–12. The proximity to the mag-
netic and nematic states indicates strong electron correlations
and has led to a number of theories that attribute the supercon-
ducting pairing primarily to the magnetic13–15, orbital16 and/or
nematic fluctuations17, along with specific predictions for the
order parameter symmetry and the gap structure on the multi-
ple bands in the system. However, the complexity originating
from the multiple strongly correlated Fe 3d-orbitals makes it
difficult to unambiguously identify the primary mechanism(s)
responsible for the formation of the various electronic orders.
Among all the FeSC compounds, the FeSe family rep-
resents a notable outlier. Bulk FeSe superconducts below
around 8K at ambient pressure, but Tc increases up to 37K
under pressure18 and can generically reach values above 30K
or even higher in heavily electron-doped FeSe. In most cases,
the electron-doping is achieved by means of intercalation19–22,
such as in, e.g. KxFe2−ySe2 and (Li0.8Fe0.2)OHFeSe. More
strikingly, the single-layer FeSe epitaxially grown on SrTiO3
and BaTiO3 substrates shows a superconducting transition at
temperatures well exceeding 50K23,24, with indications of Tc
even above 100K25. The enhanced superconductivity in these
high-Tc FeSe compounds has sparked a substantial series of
further investigations.
Although bulk FeSe contains hole and electron Fermi pock-
ets at the Γ- and X/Y -point, respectively, in the Brillouin
zone (BZ) similar to other iron-pnictides, but with much
smaller size of the Fermi surfaces26,27. Moreover, the hole
pocket is absent in the heavily electron-doped20,28,29 and
single-layer FeSe30,31. The absence of a hole Fermi pocket
at Γ, along with the drastically enhanced Tc, poses a seri-
ous challenge to the theories of spin-fluctuation-mediated su-
perconducting pairing based on the quasi-nesting features be-
tween the electron and hole pockets8,13–15.
Similar to other FeSCs, the undoped FeSe exhibits a tran-
sition to nematic order at 90K32. However, in strong con-
trast to the former, the nematic transition is not followed by
any long-range magnetic order down to the superconduct-
ing transition33. Electron doping suppresses the nematic or-
der, while magnetism continues to be absent up to the op-
timal doping level34. Nevertheless, inelastic neutron scat-
tering studies on undoped FeSe reported pronounced spin
fluctuations35, and the standard stripe magnetic order common
to other FeSCs does emerge under applied pressure36–39. In
addition, rich spin excitation spectra are commonly observed
in alkali-metal intercalated40–42 as well as alkali-hydroxy-
intercalated43,44 electron-doped FeSe-compounds. Further-
more, despite the lack of definitive experimental evidence to
date, it is sensible to also pay attention to the antiferro-orbital
(AFO) ordering associated with the degenerate and strongly
correlated dxz and dyz-orbitals.
The generically enhanced superconducting pairing in the
high Tc FeSe compounds seems to connect closely with their
peculiar electronic structure with only electron pockets, di-
chotomy of nematic and magnetic ordering, possible AFO or-
dering and the presence of their fluctuations, as well as the
substrate environment in the case of single-layer FeSe. This
naturally motivates the question as to how the nematic, spin
and AFO fluctuations may cooperate with the unique elec-
tronic structure to strengthen the effective pairing interactions,
and how Tc seems to increase further in the presence of inter-
facial phonon coupling in single-layer FeSe45,46.
In this paper, we do not aim to provide a microscopic the-
ory behind the enhancement of superconductivity as in some
recent theoretical works47–51. Instead, similar to Li et al.52,
2FIG. 1: Sketch of the Fermi surfaces of heavily electron-doped
and single-layer FeSe. The primary intra- and interband interac-
tions considered in our model are shown, including the respective
SDW-fluctuation and AFO-fluctuation mediated interband interac-
tions Vs and −Vo, the nematic-fluctuation induced intraband inter-
action −Vn, and the phonon induced intraband interaction −Vp for
single-layer FeSe.
we take an effective two-band model and assume a priori the
presence of various fluctuation and/or phonon-induced inter-
actions within and between the bands, i.e. intra- and inter-
band interactions. Notably, nematic fluctuations and the inter-
facial phonon coupling mainly contribute to intraband inter-
action, while particular types of spin and AFO fluctuations at
wavevector (π, π) dominate the interband interaction. When
the intraband exceeds the interband interaction, the super-
conducting state shall exhibit a well-defined collective phase
mode – the so-called Leggett mode53 – which corresponds to
the relative phase fluctuations between the two bands. We
propose that the existence or nonexistence and the charac-
teristic energy of the Leggett mode if present, can help to
elucidate the relative strength of the various contributions to
the pairing interactions. The Leggett mode can be probed in
optical measurements such as Raman scattering54. Note that
the Leggett modes in the respective scenarios with dominant
intra- and interband interactions have been discussed earlier in
a general context55,56, while in the present study we focus on
heavily-electron doped and single-layer FeSe systems which
exhibit distinct Fermi surface geometry. Furthermore, the col-
lective modes – including Leggett modes – in iron-arsensic
superconductors have also been thoroughly discussed in re-
cent years57–62.
We also remark that, parallel to the two-band description
adopted here, some theories explored the possible crucial
role of the incipient hole band at the Γ-point in the BZ. The
hole band may develop an incipient Cooper pairing induced
by the magnetic fluctuations associated with either the local
moments63 or the itinerant carriers64. On this basis, You et
al.63 further noted that, since the quasi-nesting between the
electron and hole bands is suppressed, superconductivity in
high-Tc FeSe systems may have benefited from the absence
of a competing itinerant spin-density wave order.
II. EFFECTIVE MODELS
We use a two-band model with two electron pockets at the
X/Y -points of the single-Fe BZ to mimic the electronic band
structure in heavily electron-doped FeSe, as in Fig.1. The in-
teractions between the low-energy electrons should, in princi-
ple, be sensitive to the microscopic details such as the orbital
composition at the Fermi level. However, since we are con-
cerned with the properties arising from the couplings between
the individual superconducting bands, we may disregard the
details of the momentum-space structure of the intra- and in-
terband interactions, but rather take a simplified form for the
integrated Cooper channel effective interactions within and
between the bands.
We begin by writing down the effective action,
S = Sel +
∑
ν=s,o,n,p
(Sν + Sel−ν) (1)
where Sel denotes the action of the two itinerant electron
bands located around the X and Y -points; Sν is the action
of the bosonic mode φν where ν = s, o, n, p stand for SDW,
AFO, nematic and phononmodes, respectively; and Sel−ν de-
scribes the Yukawa-type coupling between the electrons and
the bosonic modes to be discussed in turn below.
As in other FeSC’s, spin fluctuations are universally
present in FeSe compounds. In undoped bulk FeSe, neu-
tron scattering reveals coexisting Ne´el spin fluctuations at
(π, π) and stripe spin fluctuations at (π, 0)35. Furthermore,
heavily electron doped AxFe2−ySe2
40–42, and more recently
Li0.8Fe0.2ODFeSe
43,44 were found to exhibit spin resonant ex-
citations at wavevectors surrounding (π, π). The (π, 0) fluc-
tuations are ineffective in mediating Cooper pairing in our
model due to the lack of a hole pocket at the Γ-point. The
fluctuations at wavevector (π, π) (or wavevectors that connect
the nearly nested portions of the two Fermi pockets41,43, same
below), on the other hand, actively scatter electrons between
the two pockets and should, therefore, play an important role.
The coupling between the fluctuating SDW field and the itin-
erant carriers reads,
Sel−s = λs
∫
d~q~φs(~q)·
∑
α,β
∫
d~kc†~k+~q,α
~σαβc~k,β+h.c. . (2)
Here the components of ~σ are the Pauli matrices. Integrating
out the SDW field returns a spin-dependent effective interac-
tion peaking at momentum transfer (π, π), i.e. Vs(~k, ~p) ∝
−χs(~k− ~p)~σαβ ·~σγδ , where χs stands for the SDW magnetic
susceptibility. This wavevector connects the two Fermi pock-
ets, hence the interaction is predominantly interband. Such an
effective interaction in the singlet pairing channel amounts to
a repulsive interaction peaking at the same momentum trans-
fer, thereby promoting sign-changing superconducting gaps
on the two bands, i.e. a node-less d-wave pairing.
Likewise, AFO fluctuations in FeSCs may also develop pre-
dominantly at wavevectors (π, π) and (π, 0). We consider the
former wavevector, for which the fluctuations scatter electrons
between the two pockets. There is, however, an important dis-
tinction from the SDW fluctuations, in that here the scattering
3is spin-independent,
Sel−o = λo
∫
d~qφo(~q)
∑
σ
∫
d~kc†~k+~q,σ
c~k,σ + h.c. . (3)
This leads to an effective interaction in the Cooper channel,
Vo(~k, ~p) ∝ −χo(~k − ~p), which is primarily attractive and in-
terband, thus favoring a sign-conserving s-wave pairing. As
a consequence, the AFO fluctuation and the SDW fluctuation
mentioned above compete against each other.
The nematic susceptibility χn, whether spin- or orbital-
driven, peaks at zero momentum. Hence nematic fluctuations
are effective in scattering electrons by small momenta, in a
manner given by the effective action,
Sel−n = λn
∫
~qφn(~q)
∑
σ
∫
d~kc†~k+~q,σ
c~k,σ + h.c. . (4)
This scattering is also spin-independent. The induced ef-
fective electron interaction, Vn(~k, ~p) ∝ −χn(~k − ~p), is at-
tractive and predominantly intraband. This interaction alone
drives electron pairing, and should give rise to degenerate
sign-changing (d-wave) and sign-conserving (s-wave) gaps.
The degeneracy can be lifted by either interband interactions
or interband hybridization, the latter of which has been dis-
cussed in Ref. 65.
Taking together, the primary multiband interactions can be
expressed in the matrix form as,
Vˆ =
(
−Vn Vs − Vo
Vs − Vo −Vn
)
, (5)
where we take Vn, Vs, Vo > 0 for notational clarity. Solving
a coupled BCS gap equation using (5) yields gap functions on
the two bands, the more attractive of which characterizes the
stable ground state. Since the two bands have the same density
of states, the gap functions are equivalent to the eigenvectors
of Vˆ . The solution thus obtained denotes the relative sign and
magnitude of the band gaps. The preference between sign-
changing and sign-conserving pairings is determined by rela-
tive strength of the two interband interactions, i.e. the former
is favored if Vs > Vo, otherwise the latter is more stable.
A cooperative mechanism of a certain subset of the multi-
band interactions may be crucial for the boost of Tc. In par-
ticular, for the leading superconducting solution the intra- and
net interband interactions do not compete: since the most neg-
ative eigenvalue of Vˆ is given by−Vn− |Vs−Vo|, both intra-
and interband interactions act to strengthen pairing. The en-
hancement is most effective when either Vs or Vo dominates
the interband interaction.
In light of the striking observation of a replica band in
single-layer FeSe suggestive of a strong small-momentum
scattering by the interfacial phonons46, phonon-induced ef-
fects should be properly accounted for in this system. This
gives an effective action analogous to the one formulated for
nematic fluctuations (4). As a consequence, the phonon cou-
pling gives rise to an attractive interaction −Vp (Vp > 0) in
the same fashion as the nematic fluctuations mediating −Vn.
Hence the total effective interaction becomes,
Vˆ =
(
−Vn − Vp Vs − Vo
Vs − Vo −Vn − Vp
)
. (6)
The effective pairing interaction is then given by−Vn−Vp −
|Vs − Vo|, from which it is easy to see the conducive role of
the interfacial phonons in enhancing superconductivity.
In the following, we first discuss the existence/nonexistence
of Leggett mode in the presence of various dominant pairing
interactions, and then proceed to discuss the detection of the
Leggett mode when it does exist.
III. LEGGETT MODE ENERGY
As was originally predicted by Leggett53, the interband in-
teraction gives rise to an effective Josephson coupling be-
tween the superconducting order parameters on different
bands, which locks their relative phase. Under external per-
turbations, the relative phase can oscillate in time, costing a
finite amount of energy that is determined by the interband
coupling. This is the Leggett mode. As Leggett pointed out
in his work (in the context of a two-band s-wave supercon-
ductor), this mode corresponds essentially to a collective fluc-
tuation between the leading and subleading superconducting
states66. To this end, we note another collective supercon-
ducting mode, the so-called Bardasis-Schrieffer (BS) mode67,
which has been discussed previously in the context of iron-
pnictide superconductors59–62. Usually, this mode describes
fluctuations between leading and subleading states in distinct
Cooper pair angular momentum channels, and can also exist
in single-band systems. As one can see, the collective mode
we study here can be regarded both as a Leggett and a BS
mode.
Naturally, the characteristic energy of the Leggett mode en-
codes crucial information about the multiband interactions in
FeSe systems. Below we analyze the Leggett modes in the
presence of various configurations of multiband interactions.
The expressions of the Leggett mode energy is derived in Ap-
pendix A.
We first ignore the phonon contribution Vp. Of particular
interest are the two limiting cases where the pairing is driven
primarily by the nematic or by SDW/AFO fluctuations. In the
former, Vn ≫ |Vs − Vo|, the interband Josephson coupling
reads J = |Vs − Vo|/(V
2
n − |Vs − Vo|
2) > 0 (see Appendix
A). Both solutions to the gap equation correspond to attractive
superconducting channels, i.e., leading d-wave with sublead-
ing s-wave pairing if Vs > Vo, or vice versa if Vs < Vo. Thus,
a coherent Leggett mode exists, and its resonance energy is
given by,
wL =
√
2
J
N0
∆0 =
√
2
λ
√
|Vs − Vo|
Vn − |Vs − Vo|
∆0 , (7)
where ∆0 is the superconducting gap, N0 is the density of
states of a single band, and λ = N0(Vn + |Vs − Vo|) gives
4the effective coupling strength in the leading superconduct-
ing channel. Taking a rough approximation λ ∼ 1, wL ∼√
2|Vs − Vo|/Vn∆0 ≪ 2∆0, which is much smaller than the
quasiparticle continuum edge at w = 2∆0, consistent with
Ref. 56. Such a soft mode reflects the near-degeneracy be-
tween the leading and subleading pairing states, and equiv-
alently the relative ease in fluctuating the relative phase be-
tween the two bands, when the interband interaction is weak.
In the other limit where the interband interaction dominates,
i.e. Vn < |Vs−Vo|, no coherent Leggett mode is present. This
can be understood as follows. When the the strength of the
interband interaction exceed that of the intraband one, there is
only one attractive superconducting solution. As a result, no
subleading superconducting state exists to be excited to.
In the intermediate regime with |Vs − Vo| . Vn, wL is
again given by (7). The characteristic energy wL increases
with growing |Vs−Vo|/Vn, exceeding the continuum edge for
|Vs − Vo| ∼ Vn/2. In this regard, wL is a qualitative measure
of the relative strength between the intra- and interband
interactions. Finally, in accordance with the discussions
in the previous section, the phonons strengthen intraband
interactions. Therefore, the addition of Vp broadens the
parameter range where a coherent Leggett mode can appear.
IV. DETECTION OF LEGGETT MODE
The Leggett modes couple to electromagnetic fields and,
hence, can be excited by photons in optical measurements,
such as the electronic Raman scattering, as has been demon-
strated for the two-band superconductor MgB2
54. They man-
ifest as resonance features in the Raman spectrum when the
difference between the frequencies of the incident and scat-
tered photons matches that of the Leggett modes in an appro-
priate scattering channel. Note when wL exceeds the contin-
uum edge, the Leggett mode becomes damped by quasipar-
ticles excitations56, and the broadened resonance peak over-
laps with the quasiparticle continuum spectrum at w > 2|∆|,
wherein the measuredQ-factor may be small (as is the case in
MgB2
54).
Traditionally, the Leggett mode arises in the Raman A1g
channel, as the associated leading and subleading supercon-
ducting states belong with the same Cooper pair angular mo-
mentum channel. However, in heavily electron-doped and
single-layer FeSe, the Leggett mode amounts to a collective
fluctuation between s- and d-wave states. This originates from
the unique Fermi surface topology with the two Fermi pockets
locating around the X and Y -points in the BZ (Fig. 1). Con-
sequently, the Leggett mode under consideration will emerge
in the Raman B1g channel. In particular, as is shown more
explicitly in Appendix B, the coupling between the collective
fluctuation and the Raman vertex is proportional to the fol-
lowing mean value,
〈f
0~k
f
1~k
γ~k〉FS , (8)
where 〈· · · 〉FS represents an average over the Fermi surface,
f
s~k
and f
d~k
are character functions of the s and d-wave sym-
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FIG. 2: Schematic Raman intensity in the B1g channel for two mod-
els with the ratio of inter- and intraband interactions 0.3 (left) and
0.75 (right). In both cases the intraband interaction is stronger than
the interband one. The continuum contribution (black dashed) shows
a peak at w = 2∆0, while the Leggett resonance (red solid) oc-
curs at wL. We have assumed an isotropic superconducting gap on
the two bands, taking the approximation λ ∼ 1 in (7), and used a
small imaginary component τ = 0.002∆0 to yield broadened peaks.
The formula used for these calculations are derived in Appendix B.
On the right figure we have ignored the quasiparticle damping of the
Leggett mode peak.
metry, and γ~k is the Raman vertex in a particular channel. It
is immediately clear that by symmetry only the B1g-channel
yields a nonvanishing coupling. Figure 2 shows two repre-
sentative schematic B1g Raman spectra when the intraband
interaction plays the leading role in driving the pairing.
Related Raman scattering measurements have been per-
formed on the heavily electron-doped intercalated compound,
Rb0.8Fe1.6Se2
68. There, below the continuum edge, apart
from a phonon mode, no additional peak was visible in the
B1g channel with features that could be associated with a
Leggett resonance. It is also unclear whether any resonance is
present in theB1g spectrum above the continuum edge. Hence
we cannot conclude on the qualitative comparison between
the intra- and interband interactions. Nonetheless, following
our arguments above, the absence of such a resonance below
2∆0 suggests that the interband interaction at least consti-
tutes a non-negligible ingredient of the total effective pairing
strength in this particular compound. Corroborating the sig-
nificance of interband interactions, the superconducting mag-
netic resonant modes observed in neutron scattering in sev-
eral heavily electron-doped intercalated compounds40–42, in-
cluding Rb0.8Fe1.6Se2
41, appeared at wavevectors which most
likely connect the two bands41,43.
Assisted by the strong coupling to interfacial phonons46,
the intraband interaction is expected to be boosted signifi-
cantly in the single-layer FeSe grown on ATiO3 substrates.
A coherent Leggett mode is thus more likely to emerge in
these systems. However, due to the finite optical penetration
into the substrate, the Raman spectroscopy may see a much
stronger background noise signal, making it difficult to
disentangle the authentic response of the FeSe layer. It is,
thus, necessary to devise a careful Raman measurement to
search for such a Leggett resonance there.
5V. CONCLUSIONS
In this paper, we outline the possible main sources of
the multiband interactions in the two-band high-Tc heavily
electron-doped and single-layer FeSe superconductors. The
nematic fluctuations and/or interfacial phonons contribute pri-
marily to the intraband interaction, while the SDW and AFO
fluctuations at momentum (π, π) (or similar wavevectors con-
necting the two pockets) mainly drive competing interband in-
teractions. If the net interband interaction is weaker than the
intraband one, a novel collective phase excitation–a Leggett
mode–shall arise. We propose that optical probes such as Ra-
man spectroscopy can provide crucial information regarding
the relative strength of the various contributions to the effec-
tive pairing glue.
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1Appendix A: Derivation of Leggett mode energy
Here, we derive the characteristic energy of the Leggett modes in our effective two-band model introduced in the main text.
We take the effective interaction (5) in the main text for illustration. For simplicity, we include below only the nematic and spin
fluctuation mediated interactions, Vn and Vs. The other interactions can be accounted for easily in an analogous fashion. The
coupled BCS gap equation is written as,(
∆1
∆2
)
= −N0ln
(
πWc
2Tc
)(
−Vn Vs
Vs −Vn
)(
∆1
∆2
)
, (A1)
where N0 is the density of states of a single band, Tc is the superconducting transition temperature,Wc is some characteristic
cutoff energy, and we have chosen Vn, Vs > 0 for notational clarity. In principle, the cutoff should be different for interactions
mediated by nematic and magnetic fluctuations, but for simplicity we take it to be the same for both. Solving the gap equation
is equivalent to diagonalizing Vˆ , the latter of which returns the effective pairing interaction in the eigen-channels: −Vn − Vs
and −Vn + Vs. The two eigenvectors are (1,−1) and (1, 1). The first solution corresponds to the superconducting ground state,
which describes a sign-changing node-less d-wave pairing. Note if the attractive interband interaction −Vo is included and if
Vo > Vs, the second solution, i.e. the sign-preserving s-wave state, is favored.
The effective Josephson coupling between the bands can be captured in the following effective action57,58,69,
S∆ =
∫
∆ˆ†(−Vˆ −1)∆ˆ−
1
β
∑
l=1,2
Tr lnG−1l , (A2)
where ∆ˆ = (∆1,∆2)
T denotes the superconducting order parameter on the two bands, β = 1/T with T the temperature, and
the l-band Gor’kov Green’s function is given by
Gˆ−1l = −
(
∂τ −
∇2
2m
− µ ∆l
∆∗l ∂τ +
∇2
2m
+ µ
)
. (A3)
In (A2), we have assumed that Vˆ −1 is non-singular, i.e. detVˆ is non-vanishing. The interband Josephson coupling J is defined
by the off-diagonal element of the inverse of -Vˆ ,
J =
Vs
detVˆ
, (A4)
Considering now small deviations of the U(1) phase of the order parameter from the stable state, θl = θ0l + φl (l = 1, 2), the
action in Eq.(A2) can be expanded with respect to the φl’s. In particular, the first term of (A2) gives the following Josephson
coupling terms,
J(∆∗1∆2 +∆
∗
2∆1)
= 2J |∆|2 cos(θ1 − θ2)
= 2J |∆|2[cos(θ01 − θ02) cos(φ1 − φ2)− sin(θ01 − θ02) sin(φ1 − φ2)]
= −J |∆|2 cos(θ01 − θ02)(φ1 − φ2)
2 + ... . (A5)
In the last equation ‘...’ stands for the sum of an unimportant constant and higher order termsO(φ4). Note that linear terms in φ
do not survive, as sin(θ01 − θ02) vanishes for the superconducting solutions because θ01 − θ02 = nπ where n is an integer.
A gradient expansion of the second term of (A2) with respect to φl returns the Goldstone mode action associated with the
individual bands70,
−
1
β
∑
l=1,2
Tr lnG−1l =
∑
l=1,2
[
N0(∂τφl)
2 +
N0v¯
2
F
2
(∇φl)
2
]
, (A6)
where N0 denotes the single-band density of states at the Fermi energy and v¯F is the average Fermi velocity.
Performing Fourier transformation of (A5) and (A6), the effective action for φl’s become,
S[φ] =
∫
dqφˆT (−q)Mφˆ(q) , (A7)
2where q = (q0, ~q) with q0 being the bosonic Matsubara frequency, and φˆ = (φ1, φ2)
T , and the matrix,
M =
(
K − Jǫ12 Jǫ12
Jǫ12 K − Jǫ12
)
(A8)
whereK = N0(q
2
0 + v¯
2
F q
2/2), and ǫ12 = cos(θ01− θ02)|∆|
2. Since the repulsive Vs favors sign-changing pairing, ǫ12 ≡ −|∆|
2
in our model. After an analytic continuation by replacing iq0 → w + i0
+, the dispersion relations for the phase modes may be
obtained by diagonalization (A8),
w2G =
1
2
v¯2F q
2 , (A9)
w2L = 2
|∆|2
N0
J +
1
2
v¯2F q
2 . (A10)
HerewG denotes the usual gaplessU(1)Goldstone mode, which would be massive had we properly included the vector potential
in our formalism; wL is the Leggett mode, whose excitation gap is determined by the interband Josephson coupling. Note that if
J < 0, as would be the case for Vs > Vn, no physical solution exists for wL, i.e. the Leggett mode is overdamped. This peculiar
scenario corresponds to the absence of coherent relative phase oscillations when the pairing is overly dominated by the interband
interaction55. To understand this, first note that the Leggett mode corresponds essentially to a fluctuation between the leading
and subleading pairing channels mentioned above (d- and s-waves in our case). If the subleading channel becomes repulsive,
i.e. −Vn + Vs > 0, there exists no true subdominant superconducting channel for the ground state to coherently excite to. As a
consequence, a coherent Leggett mode cannot exist in this scenario.
Appendix B: Derivation of Raman response function
This section presents a derivation of the Raman response function used for calculations in the main text. We first note that
the collective Leggett mode studied in the main text is simultaneously a Bardarsis-Schrieffer (BS) mode, i.e. the relative phase
oscillation between the X- and Y -pockets correspond exactly to a fluctuation between s- and d-wave channels, if we view the
system as an effective one-band model. It will be seen that the corresponding fluctuation couples to the Raman B1g-channel. To
make the symmetry argument transparent, we will adopt the BS description.
Denoting the ground state pairing ∆0f0k and the subleading pairing ψf1k where f0k and f1k are form factors characteristic
of the corresponding Cooper pair angular momentum channels. In the previous section we show that the Leggett (BS) mode has
excitation energy wL, the effective action of the collective fluctuations of ψ alone can then be written as,
S[ψ] =
∫
dτdrψ∗(τ, r)(−∂2τ −
v¯2F
2
∇
2 + w2L)ψ(τ, r) . (B1)
In Raman scattering, the interaction between the photons and the electrons takes the form ρ(τ, ~q) =
∑
~k,l,σ
γ~kc
†
l,~k+~q,σ
c
l,~k,σ
where σ is the spin index and γ~k is the Raman vertex whose symmetry is related to the polarization of the incident and
scattered photons. The Raman response function is related to the time-ordered correlation function χγγ(τ, ~q = 0) =
−〈Tρ(τ, ~q)ρ(0,−~q)〉. To see how the photons couple to the collective mode, we introduce a source field J which couples
to ρ, HJ(τ) =
∑
~q J(τ, ~q)ρ(τ,−~q), which allows one to obtain χγγ via a linear response theory about J . The Greens function
perturbed with a small amplitude subleading pairing ψ andHJ becomes,
G−1 = G−10 +Σ , (B2)
where G0 is the unperturbed Gor’kov Green’s function associated with the leading pairing∆0f0~k, and the self energy is,
Σ = Jγ~kσ3 + (ψ1σ1 + ψ2σ2)f1~k , (B3)
where ψ1 and ψ2 are the real and imaginary components of ψ. Combining (B1) and collecting nonvanishing terms in the
perturbative expansion about J up to the quadratic order, we arrive at the following effective action,
S[ψ, J ] = S[ψ] +
∫
dq{
∑
i=1,2
[J(−q)ΠγJψ,i(q)ψi(q)
+ ψi(−q)Π
γ
ψJ,i(q)J(q)] + J(−q)Π
γγ
JJJ(q)} + ... ,
(B4)
3where the correlation functions ΠγγJJ and Π
γ
Jψ,i are given by,
ΠlJJ (q) =
−1
β
∑
k0,~k
Tr[G0l(k)σ3G0l(k + q)σ3]γ
2
~k
∝
∫
dk
∆2l γ
2
~k
(k20 + E
2
~k
)[(k0 + q0)2 + E2~k+~q
]
. (B5)
and
ΠγJψ,i(q) = Π
γ
ψJ,i(q) =
−1
β
∑
k0,~k
Tr[G0(k)σiG0(k + q)σ3]γ~kf1~k (B6)
which yields,
ΠγJψ,1(q) = 0 , and
ΠγJψ,2(q) = −
∫
dk
2q0∆0f0~kf1~kγ~k
(k20 + E
2
~k
)[(k0 + q0)2 + E2~k+~q]
. (B7)
We thus see that only the imaginary component of ψ couples to the source field in (B4). Taking an isotropic superconducting
gap for simplicity, in the limit relevant for Raman scattering ~q = 0 the ~k-integration in the second equation of (B7) can be
approximated by a Fermi surface integral, 〈f
0~k
f
1~k
γ~k〉FS. By symmetry, this immediately suggests the active Raman channel that
is sensitive to the collective fluctuations of ψ: with f
0~k
and f
1~k
being s- and d-wave form factors (or vice versa), only the B1g
Raman vertex γ
B1g
~k
∝ cos kx − cos ky could ensure a nonvanishingΠ
γ
Jψ,2 upon
~k-integration! Hence the collective mode only
manifests in this Raman channel.
Integrating out ψ in (B4), one arrives at an effective theory for the source field J : S[J ] = J(−q)ΠJJ (q)J(q), where
ΠJJ (q) = Π
γγ
JJ (q) + Π
γ
Jφ,2(q)(q
2
0 +
v¯2F ~q
2
2
+ w2L)
−1ΠγφJ,2(q) . (B8)
Setting ~q = 0, and making an analytic continuation iq0 → w + i0
+, the imaginary part of ΠJJ (w + 0
+, ~q = 0) then returns the
Raman response function we set out to derive. The first term results in a pair breaking peak at the continuum edge w = 2∆0,
while the second term gives a δ peak at the Leggett (BS) mode frequency w = wL. Note that as our primary purpose of the
derivation is to show explicitly the symmetry aspect of the Raman response function, we have ignored vertex corrections which
might lead to reduced and broadened peaks62. These are beyond the scope of our study.
